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Abstract: Global dynamic results are obtained for families of competitive systems of difference
) N byxy _ by _

equations of Tch.ne form x,,1 = m, Ynt+1 = m n= 0,' 1', ..., where the paran}eters

by, by are positive numbers, and a1, #p, c1, and cp and the initial conditions xy and yg are arbitrary

non-negative numbers, when one or both of w;,i = 1,2 equalls 0. We assume that the denominators

of both equations are always positive. We will show that the presence of more parameters will create

more dynamic scenarios.
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period-two solution; unstable manifold

1. Introduction

The system of difference equations,

b1xy bzyn

— = n:(),l,..., 1
X1 + X + C1Yn Yn+1 ( )

Xp+1 =
" Wy + CoXy + Yn

where the parameters by, b, are positive real numbers, and a1, a4y, ¢1, and cp and the initial conditions x
and y are arbitrary non-negative numbers, is considered as a major discrete model that describes the
competition of two species, see [1-7]. In this paper we consider the effect of terms «1, 2> on the global
dynamics of system (1). The global dynamics of (1) was considered in the case where the parameters
«1, &y are positive in [1-3,5] and the complete description of the dynamics was given in [5] where the
following result was obtained:

Assuming, without loss of generality, that a1 = ap = 1, it has been shown in [1] that under the
condition by > 1 and by > 1, the points

Ep(0,0), Ex(by —1,0), E,(0,b, —1)

are equilibria of Equation (1), and that for some values of the parameters there exists an additional
equilibrium point E3 located in the open positive quadrant, given by

by —1 b —1 by —1 by —1
E — - . 2
<C1C2—1<Cl b2—1>,C1C2—1 2 bl—l ()
Important subsets of parameter space are described in Table 1, together with corresponding
behavior of equilibrium solutions established in [1].
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Table 1. Global behavior of solutions to Equation (1) when b; > 1 and b, > 1. Equality relations are
not represented for the sake of a simpler description.

Condition C1(b2 — 1) <bi1—-1 Cl(bz — 1) >by—1
Case 1. Case 2.
Ey is a repeller Ey is a repeller
c2(by —1) <by—1 E,isasaddle E. is a saddle
Ey is a saddle Ey attractor on [0,00) x (0, 00)
E is an interior local attractor. No interior fixed point exists.
Case 3. Case 4.
Ej is a repeller Ey is a repeller
ca(by —1) > by —1  Eyisattractor on (0, 00) x [0,) E, is a local attractor
Ey is a saddle Ey is a local attractor
No interior fixed point exists. E is an interior saddle.

Theorem 4.1 in [5] applies when parameters vary from Case 1 to Case 4 of Table 1. Set
A = {61 € Rj_ L a= (bl,bz,Cl,Cz) and Cl(bz — 1) >b—1> 0}

and define T, to be the map of Equation (1) restricted to R = [0,00) x (0, 00), that is,

- blx bzy
Ta(x/y) - <1+X+C1y/1+czx+y) .

Therefore, Theorem 4.1 in [5] gives global behavior of solutions to system (1) on R = [0,00) x
(0,00) for a € A. In particular, a bifurcation occurs when the equilibrium E changes its local character
from a locally stable equilibrium to a saddle point. This happens when the parameters cross the critical
surface I'(by, by, c1,02) = ca(by —1) = by +1 = 0.

It is also shown in [1] that the open, positive semiaxis (0, c0) x {0} is attracted to E,, and that the
open, positive semiaxis {0} x (0, c0) is attracted to E,. The following two results describe the global
dynamics of system (1) in all cases. The first result gives the global dynamics in the hyperbolic case
and the second result in the non-hyperbolic case.

Theorem 1. Consider system (1).

(i) Suppose that ¢y (b —1) > by —1> 0. Ifcp (by — 1) > by — 1, then E,, is globally asymptotically stable
on [0,00) x (0,00), and E, attracts all points on the open semiaxis (0,00) x {0}. Ifco (b —1) < b, —1,
then the stable manifold W*(E) in [0,00) x [0, 00) is the graph of a continuous, increasing function
of the first coordinate. Furthermore, a solution {x,} converges to E, whenever xg is above W*(E) in
South-east ordering, and {x, } converges to E, whenever xq is below W*(E) in South-east ordering.

(ii)  Suppose that c1 (by —1) < by —1 > 0. Ifca (b1 — 1) > by — 1, then Ey is globally asymptotically stable
on [0,00) x (0,00), and Ey attracts all points on the open semiaxis {0} x (0,00). Ifco (by —1) < by —1,
then E is globally asymptotically stable on (0, 00) x (0, 00), Ey attracts all points on the open semiaxis
{0} x (0, 00), and Ey attracts all points on the open semiaxis (0,00) x {0}.

See Figure 1 for graphical interpretation.
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Figure 1. Global dynamics of System (1).
The non-hyperbolic case when
Cl(bz—l):bl—l and C2(b1—1):b2—1 (3)

was not considered in [1]. When (3) holds, a direct calculation gives that the fixed points of T, are
Ey(0,0) and all points on the segment £ := {E; : 0 <t <1}, where

E:i=((by—1)(1—1),(b—1)t), 0<t<1.

The eigenvalues of the Jacobian of T, at E; are

1 1
A =1 and Azz(l—f)f-i-t

~ ., 0<t<1
by by -

4

and corresponding eigenvectors are

e = (—1:&1) and e, = (bz 1-0)2(1—1), b (1 —b2)2t> , 0<t<1.
It is shown in [8] that, for system (1), the hypotheses of Theorem 5 in [6] are satisfied and that all
solutions fall inside an invariant rectangular region. Therefore, every solution of (1) converges to
an equilibrium point. A direct calculation shows that the origin is a repeller. We conclude that
every nonzero solution converges to a point (¥,7) € £. Also, with an argument similar to the one
used in [9], one has that the equilibrium depends continuously on the initial condition. That is,
if T*(x,y) := im T} (x,y), then T* is continuous. These observations, together with an application of
Theorem 1 in [6] lead to the following result.
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Theorem 2. Assume (3) holds. Then,

(i) Ewvery nonzero solution to system (1) converges to an equlibrium (x,y) € £.

(i)  Forevery (X,¥) € £ withX # 0and y # 0, the stable set W(sy@ is an unbounded, increasing curve C
with endpoint (0,0).

(iii))  The limiting equilibrium varies continuously with the initial condition.

See Figure 1 for graphical interpretation.

Statement (ii) excludes equilibria of the form (0,%) and (¥, 0) since the hypotheses of Theorem 1
in [6] are not satisfied at these points.
In this paper, we consider two related systems, namely

bixy ben
x = =— n=0,1,... 4
n+1 Xn + C1Yn Ynt1 CoXn + Un 4)

and ) ,
xn_H:l—x”’ :Vn—«—l:& n=0,1,..., (5)

a1+ Xp +C1Yn CoXn + Yn

where all present coefficients are positive and the initial conditions are non-negative and such that
xp + yo > 0. We derive the global dynamics of both systems (4) and (5), which explains the effect of
the coefficients a1, ay on the global dynamics. Related systems are considered in [2,3,10-12].

The paper is organized as follows. Section 2 presents some basic preliminary results about
competitive systems, which is our main tool in proving the results. Section 3 contains the global
dynamics of system (4) and Section 4 gives the global dynamics of system (5). Actually we show
that the global dynamics of all three systems is determined by their linearized dynamics. We use
different techniques to prove the results for systems (4) and (5). In particular, we will use the fact
that system (4) is homogeneous to obtain the exact equation of the global stable manifold of positive
equilibrium solution of system (4). We will show that the presence of more parameters will create more
dynamic scenarios in such a way that system (1) exhibits one additional dynamic scenario compared
to system (5) which in turn will have one additional dynamic scenario more than system (4). This is in
contrast with the global dynamics of second order difference equation

&+ Bxy + vxy_1
A+ Bx,+Cx,_q1

Xpt1 = n=201,...,

with all non-negative parameters and initial conditions such that A + Bx, + Cx,_1 > 0,n =0,1,...,
where the most complicated dynamics occurs in the special case of Lyness’ equation when v = A =
B =0[13]. We will also show that systems (1) and (4) are solvable for the special values of parameters
while there is not a formula for the exact solution of system (5) at this time for any choice of parameters.

2. Preliminaries

In this section we provide some basic facts about competitive maps and systems of difference
equations in the plane.

Definition 1. Let R be a subset of R? with nonempty interior, and let T : R — R be a map (i.e., a continuous
function). Set T(x,y) = (f(x,y),8(x,y)). The map T is competitive if f(x,y) is non-decreasing in x
and non-increasing in y, and g(x,y) is non-increasing in x and non-decreasing in y. If both f and g are
non-decreasing in x and y, we say that T is cooperative. If T is competitive (cooperative), the associated system
of difference equations

e = fOoyn) gy (x_1,%0) € R 6)
Yny1 = 8(Xn,Yn)
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is said to be competitive (cooperative). The map T and associated difference equations system are said to be
strongly competitive (strongly cooperative) if the adjectives non-decreasing and non-increasing are replaced
by increasing and decreasing.

If T is differentiable, a sufficient condition for T to be strongly competitive is that the Jacobian
matrix of T at any x € R has the sign configuration

(=2)

Competitive systems of the form (6) have been studied by many authors such as Clark,
Hess, Hirsch and Smith, Kulenovi¢, Merino, Nurkanovi¢, Leonard and May, Selgrade, Smale,
Smith [4,6,7,14-19] and others. In [1,2] the authors gave an interesting applications of this theory to
some basic models in population dynamics. Many open problems and conjectures about the dynamics
of competitive systems of linear fractional difference equations are gien in [8].

Denote with <, the South-East partial order in the plane whose non-negative cone is the standard
fourth quadrant {(x,y) : x > 0, y < 0}, thatis, (x!,y!) < (x?,?) if and only if x! < x?and y! > 12
The North-East partial order =<,, is defined analogously with the non-negative cone given by the
standard first quadrant {(x,y) : x > 0, y > 0}.

Competitive maps T in the plane preserve the South-East ordering: T(u) <, T(v) whenever
u =g v. Similarly, cooperative maps in the plane preserve the North-East ordering. In fact, the concepts
of competitive and cooperative (for maps) may be defined in terms of the order preserving properties
of the maps. Thus the theory of competitive maps is a special case of the theory of order preserving
maps (or monotone operators).

Order preserving maps in R”, and in particular competitive maps in R?, may have chaotic
dynamics. Smale [19] showed that any continuous time vector field on the standard (n — 1)-simplex in
R" can be embedded on a smooth, competitive vector field in R" for which the simplex is an attractor.
In the case of a planar system (6), this means that any first order difference equation, including chaotic,
can be embedded into a competitive system (6) in the plane. An effective method to do this is provided
by Smith in [7].

Let < be a partial order on R" with non-negative cone P. For x,y € R" the order interval [x,y] is
the setofall zsuch thatx <z <y. Wesay x < yifx <yand x # y,and x < yif y — x € P°, where P°
is the interior of P. A map T on a subset of R" is order preserving if T(x) =< T(y) whenever x < y,
strictly order preserving if T(x) < T(y) whenever x < y, and strongly order preserving if T(x) < T(y)
whenever x < v.

Let T : R — R be a map with a fixed point ¥ and let R’ be an invariant subset of R that contains ¥.
We say that ¥ is stable (asymptotically stable) relative to R’ if ¥ is a stable (asymptotically stable) fixed
point of the restriction of T to R'.

Definition 2. Let S be a nonempty subset of R%. A competitive map T : S — S is said to satisfy condition
(O+) if for every x, y in' S, T(x) <yne T(y) implies x <y, y, and T is said to satisfy condition (O—) if for every
x,yinS, T(x) =ue T(y) implies y <y x.

The following theorem was proved by deMottoni-Schiaffino for the Poincaré map of a periodic
competitive Lotka-Volterra system of differential equations. Smith generalized the proof to competitive
and cooperative maps [20,21].

Theorem 3. Let S be a nonempty subset of R2. If T is a competitive map for which (O+) holds then for all
x € S, {T"(x)} is eventually componentwise monotone. If the orbit of x has compact closure, then it converges
to a fixed point of T. If instead (O—) holds, then for all x € S, {T?"} is eventually componentwise monotone.
If the orbit of x has compact closure in S, then its omega limit set is either a period-two orbit or a fixed point.
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System (5) is an example of what might happen if the orbit of x has no compact closure in S.
The next two results are stated for order-preserving maps on R"”. These results are known but are
given here for completeness. See Theorem 2.1 in [5] and Corollary 1 in [5]. See [15] for a more general
version that is valid in ordered Banach spaces.

Theorem 4. For a nonempty set R C R" and < a partial order on R", let T : R — R be an order preserving
map, and let a,b € R be such that a < band [a,b] C R. Ifa < T(a) and T(b) = b, then [a, b] is invariant and

i. There exists a fixed point of T in [a, b].
i. If T is strongly order preserving, then there exists a fixed point in [a, b] which is stable relative to [a, b].
iii.  If there is only one fixed point in [a, b], then it is a global attractor in [a, b] and therefore asymptotically

stable relative to [a, b].

Corollary 1. If the non-negative cone of < is a generalized quadrant in R", and if T has no fixed points in
[, uz] other than uqy and uy, then the interior of [u1, up] is either a subset of the basin of attraction of uq or
a subset of the basin of attraction of uy.

Our main tool will be results from [4-6] regarding the existence of the global stable and unstable
manifolds of competitive maps in the plane.

The non-hyperbolic equilibrium solution of system (6) is said to be of stable (resp. unstable) type
if the second eigenvalue of the Jacobian matrix evaluated at the equilibrium solution is by absolute
value less than 1 (resp. bigger than 1).

3. Global Dynamics of System (4)
First we give some basic results about the global behavior of system (4). Denote by
blx b2
T(x, y) = < 7 y ) 7
X+cay cx+y

the map associated with system (4). System (4) is homogeneous and was partially investigated in [22].

Lemma 1.

(a)  Every solution of system (4) satisfies x, < by,yn < by, n>1

(b)  det]r(x,y) = 0 for every (x,y), where JT denotes the Jacobian matrix of the map T.
() T(x0,0) = Ex(b1,0), T(0,y0) = Ey(0, ba) for every xo > 0,yo > 0.

(d)  Every solution of system (4) satisfies the difference equation

by 1+ciry
er+1 bl r}’l C2 +7’n 7 n - Y
where ry = Y/ Xy.
) If
(b2 — bica) (b1 — bacy) >0, ()
then the map T has an invariant line
b= b
Proof. The Jacobian matrix |1 of the map T has the form
bicry __bx
(x+ery)? (x+cry)?
Jr(x,y) = , ©)
bacoy bycox

" (epxty)? (cox+y)?
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which implies (b). Parts (a) and (c) follow by immediate checking. Part (d) follows by dividing
equations of system (4). Part (e) follows from (d) since Zi:gﬁ is exactly an equilibrium of the equation
in(d). O

System (4) always has two equilibrium solutions on the axes, Ex(b1,0), Ey(O, by). It can also
have either exactly one interior equilibrium solution E or an infinite number of equilibrium solutions
E;. Since the interior equilibrium solution E is an intersection of two equilibrium curves (isoclines)
C1:x+c1y = b1,Cy i cox +y = by it will exist if either % < bl,% < by (x-intercept of C; smaller than
x-intercept of C; and y-intercept of C, bigger than y-intercept of C;) or % > by, % > by (x-intercept
of C; smaller than x-intercept of C; and y-intercept of C; bigger than y-intercept of C;). These two
geometrical conditions can be unified as condition (7).

Condition (7) implies that cicp # 1, in which case the interior equilibrium E(%, 7) is given as:

by — byc by — bic
F— 174 7= 2 — U162

, 10
1—cicn (10)

1—rciep

Notice that by < bicp, by < bpcq implies cicp > 1 and by > bicp, by > bpcy implies cjep < 1.
If either (bz — b]CZ)(bl - b2C1) < 0, by = bicy and by # bycq, or by = bycq and by # bico then there
are no interior equilibrium points. Furthermore, if b = bic; and by = bycy, the two equilibrium
curves Cq, C coincide and every point on the segment x + c1y = by, x, ¥ > 0 is an equilibrium solution
E¢(by —cqt, t),t € [0, by]. See Table 2 summarizing the equilibrium points of system (4).

Table 2. The equilibrium points of system (4).

Condition Equilibrium Points
(bz — b1C2)(b1 — b2C1) <0,
b2 = b1C2 and b1 75 b2C1/ Ex, Ey
or bz 7& blCz and bl = bZCI
(bz—b1C2)(b1 —szl) >0 Ex,Ey,E
bz = blcz and bl = b2C1 Ex, Ey, Et

The following result describes the local stability character of all equilibrium solutions.

Lemma 2. Consider system (4).

(a)  The equilibrium solution Ey is locally asymptotically stable if by < bjcy, non-hyperbolic of stable type if
by = bycp and a saddle point if by > bycy. In each case, the eigenvectors associated with the eigenvalues
A =0and Ay = b% are e; = (1,0) and e; = (—blz—;cz,l).

(b)  The equilibrium solution E, is locally asymptotically stable if by < bycy, non-hyperbolic of stable type if
by = bycy and a saddle point if by > bycy. In each case, the eigenvectors associated with the eigenvalues
A =0and Ay = b% aree; = (0,1) and e = (leﬁ, —-1).

(c)  The interior equilibrium solution E is a saddle point when by < bycp and by < bycy and is locally
asymptotically stable when by > bicy and by > bycy.

(d)  The interior equilibrium solutions E; are non-hyperbolic of the stable type and the eigenvector which
corresponds to Ay = 0 is given as ey = (1, ).

Proof.

(@) Inview of (9), we have

]T(Ex) = ’
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()

(d)

O

which implies that the eigenvalues of the Jacobian matrix are Ay = 0,4y = b%
The corresponding eigenvectors are as stated.
In view of (9), we have

by

bacy

—C2 0
which implies that the eigenvalues of the Jacobian matrix are Ay = 0,4y = b’%’f
The corresponding eigenvectors are as stated.
The eigenvalues of the Jacobian matrix evaluated at the equilibrium E, Ay = 0 and

Ay = Tr(J7(E)), correspond to the roots of the characteristic polynomial p(t) = t> — Tr(Jr(E))t.
Note that Ay > 0 by (9). Furthermore

(by — bycy)(ba — byca) / by(by — bacy) + by (by — bico)
1) = and 1) = .
p(1) b1ba(1 = c1c2) Ay b1ba(1 = c1c2)

(11)

Consequently, if by < byc; and by < bycq then p(1) < 0and p/(1) > 0 and if b, > bycp and
by > bycy then p(1) > 0 and p'(1) > 0. It follows that E is a saddle point when b, < byc; and
by < bycq and is locally asymptotically stable when by > byco and by > bocy.

In this case, the eigenvalues of the Jacobian matrix evaluated at the equilibrium E; are
A1 = 0,A2 = 1. The eigenvector that corresponds to A = 0is e; = (1,), where y > 0 satisfies
x 4 c1y = by and points towards the first quadrant.

Now, global behavior of system (4) is described by the following result:

Theorem 5. Consider system (4).

(a)

(b)

(c)

(d)

(e)

If by < bica, by < bacy, then the equilibrium solutions Ex, Ey are locally asymptotically stable and
the interior equilibrium E is a saddle point. The separatrix {s, which is a graph of a continuous,
non-decreasing curve, is the basin of attraction of E and the region below (resp. above) £ is the basin of
attraction of Ey (resp. Ey).

If by > byica, by > bacq, then the equilibrium solutions Ex, Ey are saddle points and the interior
equilibrium E is locally asymptotically stable. Every solution in the first quadrant which starts off the
coordinate axes converges to E. Every solution which starts on the positive part of the x-axis (resp. y-axis)
is attracted by Ey (resp. Ey).

If by < bica, by > bycq (resp. by > bica, by < bacy), then the equilibrium solution Ey (resp. Ey) is
locally asymptotically stable and Ey, (resp. Ey) is a saddle point. The basin of attraction of Ey (resp. Ey)
is the first quadrant of initial conditions without the positive part of the y-axis (resp. x-axis), which is
attracted by Ey (resp. Ex).

If by = bycq and by = bycy, then there is an infinite family of equilibrium solutions E;, t € [0, by] for
which there exists the global stable manifold W? (E;), which is the graph of a continuous, non-decreasing
function asymptotic to (0,0) and is exactly the basin of attraction of Ey. The limiting equilibrium varies
continuously with the initial condition.

If Ex (resp. Ey) is non-hyperbolic and E (resp. Ey) is locally asymptotically stable then Ey (resp. Ey)
attracts the first quadrant of initial conditions except the positive part of x-axis (resp. y-axis) which is
attracted by Ey (resp. Ey). If Ex (resp. Ey) is non-hyperbolic and Ey, (resp. Ey) is a saddle point then Ey
(resp. Ey) attracts the first quadrant of initial conditions except the positive part of y-axis (resp. x-axis)
which is attracted by Ey (resp. Ey).

See Figure 2 for graphical interpretation.
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Figure 2. Global dynamics of System (4).

Proof.

(a)

(b)

First we show that T does not have any period-two solutions. Our condition implies cjc; > 1.
By direct calculation one can show that a period-two solution satisfies the equation

51C2(61C2 — 1)362 + (bl + szl)(blcz — bz)x + b]bz(bl + bgcl) =0.
Please note that
D = (by + bac1) (b2 + bica) (bica(by — bacy) + baci (ba — bica) — biba(c1c2 — 1)) <0,

which means that both terms of such solution are complex conjugate and so there is no period-two
solution in the first quadrant.

Taking into account that the Jacobian matrix evaluated at E has all non-zero entries, Theorem 5
of [4] implies the existence and uniqueness of both global stable and unstable manifolds WW*(E)
and W*(E) and so W?*(E) = {s. Furthermore, Theorem 5 of [4] implies that every (x, o) below
¢s will satisfy T" ((xo,y0)) € [[E, Ex]] for some n > N. In view of Corollary 1, T"((xo, y0)) — Ex.
In a similar way, we can treat the case when (x, o) is above (5.

In view of Lemma 2 part (a), the eigenvectors which correspond to E, and E, point to the
interior of the fourth and the second quadrant, which means that the local unstable manifolds
Wi (Ex) and W}! .(Ey) exist and point strictly toward E. Thus there exist points u,v in the
interior of [E,, E,], arbitrarily close to E, and E, such that u <5 T(u) =<se E Zse T(v) =g 0.
Now, statement iii of Theorem 3 implies that E is a global attractor in [[u, v]], which completes
the proof.

Assume that by < bica, by > bacy which implies that Ey is locally asymptotically stable and E; is
a saddle point. In view of Lemma 2 part (b), the eigenvector which corresponds to E, points to
the interior of the fourth quadrant, which means that the local unstable manifold W} .(E;) exists
and points strictly toward Ey. Thus there exists a point u in the interior of [E,, E,], arbitrarily
close to Ey, such that u < T(u). However, then this shows that the map T has a lower solution
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in every neighborhood of E,, which in view of Theorem 6 in [6] implies that the interior of
[Ey, Ex] is a subset of the basin of attraction of Ey. The result follows.

The proof when by > bycp, by < bycy is similar and will be omitted.

(d) By Theorem 1 of [6], for each E; there exists the set W?*(E;) passing through E; and asymptotic
to (0,0), which is the graph of a continuous, non-decreasing function, which is exactly the basin
of attraction of E;. The continuity of the limiting equilibrium solution as a function of initial
conditions follows as in [9].

(e)  The proof is similar to the proof of part (c) and will be omitted.

O

Remark 1. In the special case ¢y = ¢ = 1 system (4) has an explicit solution. Indeed in this case we have that
Z’;—E = Bz—z, where B = % and so the solution of system (4) is
bﬁCQ . blyoB”

_ R L a——
xo +yoB" 1 In xo +yoB" 1 !

Thus B < 1 implies (xu,Yyn) — (b1,0),n — oo and B > 1 implies (x,,yn) — (0,by),n — oo while B =1
implies (Xn, Yn) = ( xﬁf;ﬂ , lefgo ),n =0,1,..., which is simplified version of possible competitive scenarios,
where the first two are competitive exclusion and the third is competitive coexistence.

In the special case ¢; = ¢ = 1,07 = ay > 0 system (1) is solvable, although the solution formula
is complicated. Using this formula one can similarly explained competitive coexistence and competitive

exclusion scenarios.

4. Global Dynamics of System (5)

In this section, we present the global behavior of system (5). Denote by

T(x,y) = bix boy
Y= v +x+ey ox+y)’

the map associated with system (5).

Lemma 3.

(a)  Every solution of system (5) satisfies x, < by,yn < by, n>1;
(b)  T(x,y) satisfies (O+) condition on (0,00)? and so T has no period-two points;
(c)  Foreveryyo >0, T(0,y0) = (0,b2);

(d)  Forevery xg > 0, T"(x0,0) = (W,O).
RZE

Proof. Part (a) and (c) follow by immediate checking and part (d) follows by solving the resulting
Beverton-Holt one-dimensional equation. Notice

X X bixq b1xp

0 1 7 2 a1+x1+cC a1+xp+c

() ser(2) o (7)< (7).
Yy Y2 C2X1+Y1 C2X2+Y2

This is equivalent to

a1 (x1 —x2) < c1(xay1 — x1y2),  Xay1 — x1y2 < 0.
This implies that x; < xp and Xoy1 < X1Y2 and thus x; < X2,Y1 < Yo, that is (x1,y1) =1e (XQ, yz) O]

Please note that a direct consequence of the above form of J7(x, y) is that T is strongly competitive.
This will play a pivotal role in the global behavior of the system.
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System (5) always has an equilibrium solution on the y-axis, Ey(O, by). Provided that a; < by,
there exists an equilibrium solution on the x-axis, Ex(b; — «1,0). Depending on the values of the
parameters w1, by, by, c1 and cy, there is also the possibility of either exactly one interior equilibrium
solution E or an infinite number of interior equilibrium solutions E;. The interior equilibrium solution
is an intersection of two equilibrium curves C; : a1 + x 4+ c1y = by and Cy : cox + y = by. This solution
will exist if either % < by —ayand by > hl;—fl (i.e., the x-intercept of C; is smaller than the x-intercept
of C; and the y-intercept of C; is bigger than the y-intercept of C1) or by — a1 < % and blc_% > by (ie.,
the x-intercept of C; is smaller than the x-intercept of C; and the y-intercept of C; is bigger than the

y-intercept of C;). As in (7), these two geometrical conditions can be unified as
ANy >0, (12)

where A| = (by — c(b; — 1)) and Ay = (by — a1 — byeq). Condition (12) implies that ¢, # 1 and the
interior equilibrium E(%, 7) is given as:
by —ay; — by by —ca(by —ay)

fzil y_:

1—cic 1—cic

Please note that if AjAy < 0, A1 =0and A, # 0, or A, = 0 and A7 # 0 then there does not exist
an interior equilibrium solution. Since a; > by implies that AjA; < 0, we must have a1 < by in order
for an interior equilibrium point to exist. Furthermore, if A = Ay = 0 then the two equilibrium curves
C1 and C; coincide and every point of the segment cyx +y = by, x,y > 0 is an equilibrium solution
E¢(by —aq —c1t, t),t € [0, by]. The equilibrium points for system (5) are summarized in Table 3.

Table 3. The equilibrium points for system (5).

Condition Equilibrium Points
X531 > bl Ey
A Ay <0,
Ay =0,A5 £0, Ey Ey
g < by Al#O,AZZO
Mby >0 Ey Ey E
A‘l = Az =0 E.XI Ey/ Et

The local stability character of Ey, Ey, E and E; are presented in Lemma 4. The proof requires
Proposition 1.

Proposition 1. The eigenvalues A and p of J(E) are positive.

Proof. In view of (14) we have

bacy —bicieo+a; ci(by —boey —ag)
bi(1—cic2) bi(1—cic0)
J7(E) = , (13)
by —ca(by —a1))  ca(by —bacy —aq)
ba(1—cic2) ba(1—cic2)

which implies
coay(by — a1 — bacy)
b1by (1 —c1c2)

Please note that the equilibrium point E exists under the hypothesis A;A; > 0, which means that
either % < by —wa;and by > blc_% orb; —ay < % and blc_% > by. In either case, we have det(J+(E)) >

det(J7(E)) =
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0, and consequently, A - u > 0. Since system (5) is strongly competitive, by the Perron-Frobenius
Theorem [15,23], the largest eigenvalue of J;(E) is positive, which completes the proof. [

Lemma 4. Consider system (5).

(a)

(b)

(c)

(d)

Proof.

(a)

(b)

(©

The equilibrium solution E, exists if aq < by. It is locally asymptotically stable if by < ca(by — aq),
non-hyperbolic of stable type if by = cy(by — aq) and a saddle point if by > cy(by — ay). In each case,

the eigenvectors associated with the eigenvalues Ay = % and Ay = 5 (bi’z_ &) reer = (1,0) and

_ cicp(by—ap)?
€= (62041 (b1—ay)—biby’

The equilibrium solution E, always exists and it is locally asymptotically stable if by < &y + bacy,
non-hyperbolic of stable type if by = a1 + bycy and a saddle point if by > a1 + bacy. In each case,

the eigenvectors associated with the eigenvalues Ay = 0 and Ay = bchilwq are e = (0,1) and

1), respectively.

e = —1), respectively.

(Cz(lxllibzcl)’
The interior equilibrium solution E exists if AyAy, > 0 and it is locally asymptotically stable if
by > a1 + bacy and by > cp(by — wq) and a saddle point if by < aq + bycy and by < cp(by — aq).

The interior equilibrium solutions Ey exist if oy < by, by = aq + bpcqy and by = cp(by — aq).
They are non-hyperbolic of the stable type and the eigenvector associated with Ay where |A1| < 1
(b1—aq) (b —t) 1).

ise; = ( biooT ,

The Jacobian matrix associated with the map T has the form

by (a1 + c1y) _ bicix
(mp+x+cy)? (g +x+oay)?
Jr(x,y) = . (14)
. szZy b2c2x
(c2x +y)? (c2x +y)?
In view of (14), we have
ap c(b—m)
b1 b1
]T(Ex) = . ’
0o -2
(b — )
which implies that the eigenvalues of the Jacobian matrix are A; = ‘l%,)tz = 5 (bfZ— L
The corresponding eigenvectors are as stated.
In view of (14), we have
_h
a1+ bycy
]T(Ey) = ’
—C2 0
which implies that the eigenvalues of the Jacobian matrix are Ay = 0,1y = qu%'

The corresponding eigenvectors are as stated.
Denote the eigenvalues of J#(E) by A1 and A, which represent the roots of the characteristic

polynomial, p(t) = t*> — TrJz(E)t + detJ+(E). By Proposition 1, A; and A, are real and
positive. Notice

p(1) = (bl*061*hbfbc;()l(izc;czz)(bl*“l)) and p/(1) = bZ(bl7“14;72)1?2)(1{151?272(1717“1)) (15)

If by < a1 + bacy and by < ca(by —aq) then 1 < cqcp and by (15), p(1) < 0. Combining this
with the fact that p(0) = det J+(E) > 0, it follows that E is a saddle point. If b; > «q + bocq and
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(d)

O

by > ca(b; — aq) then 1 > ¢1¢5 and from (15) we have p(1) > 0 and p/(1) > 0. Combining this
with p(0) > 0, we conclude that E is locally asymptotically stable.
For t € [0,by), the eigenvalues of [;(E;) are Ay = % and A, = 1. Since a7 < by we clearly

have that E; are non-hyperbolic equilibrium points of the stable type. It follows by immediate
(by—a1)(by—t)

checking that the eigenvector associated with A is e; = ( biot

the first quadrant for t € [0, by).

,1), which points towards

The global behavior of system (5) is described by the following result. Please note that the proofs

presented for Theorem 6 differ from those of Theorem 5 in order to depict an alternative approach.

Theorem 6. Consider system (5).

(a)

(b)

(c)

(d)

(e)

02

If &1 > by then E, is the unique equilibrium solution of system (5) and it is locally asymptotically stable.
Every solution in the first quadrant which starts off of the x-axis converges to E, and every solution
which starts on the positive x-axis converges to the singular point (0,0).

For oy < by, Zfbl > a1+ by, by < Cz(bl - 061) (resp. by < a1 + bycy, by > Cz(bl - 061)) then
system (5) has equilibrium solutions Ey and Ey where Ey (resp. E,) is locally asymptotically stable and
Ey (resp. Ey) is a saddle point. The basin of attraction of Ey (resp. Ey) is the first quadrant of initial
conditions without the positive part of the y-axis (resp. x-axis), which is attracted by Ey (resp. Ex).
If a1 < by, by > aq + bycy, and by > ca(by — wq) then system (5) has equilibrium solutions E,,
Ey and E. The equilibrium solutions Ey and Ey are saddle points and E is locally asymptotically stable.
Every solution in the first quadrant which starts off of the coordinate axes converges to E and every
solution which starts on the positive x-axis (resp. y-axis) converges to Ey (resp. Ey).

If ay < by, by < g + bpey, and by < co(by — aq) then system (5) has equilibrium solutions Ey, E, and
E. The equilibrium solutions Ey and Ey are locally asymptotically stable and the interior equilibrium
E is a saddle point. There exists the global stable manifold W*(E) and the global unstable manifold
WH(E), where W*(E) is the graph of a continuous, non-decreasing function and W" (E) is the graph
of a continuous, non-increasing function which connects all three equilibrium solutions. The region in
the first quadrant above (resp. below) the curve W*(E) is the basin of attraction of E (resp. Ey) and the
curve W (E) \ {(0,0)} is the basin of attraction of E.

Ifaq < by, by = &y + bycy, and by = cp(by — aq ) then there is an infinite family of equilibrium solutions
E; for which there exists the global stable manifold W°(E;) for all t € [0, ba], which is the graph of
a continuous, non-decreasing function asymptotic to (0,0) and is exactly the basin of attraction of E;.
The limiting equilibrium varies continuously with the initial condition.

If Ex (resp. Ey) is non-hyperbolic and E, (resp. Ey) is locally asymptotically stable then E, (resp. Ey)
attracts the first quadrant of initial conditions except the positive part of the x-axis (resp. y-axis), which is
attracted by Ey (resp. Ey). If Ex (resp. Ey) is non-hyperbolic and Ey (resp. Ey) is a saddle point then
Ey (resp. Ey) attracts the first quadrant of initial conditions except the positive part of the y-axis (resp.
x-axis), which is attracted by E, (resp. Ey).

See Figure 3 for graphical interpretation.

Proof.

(a)

Let a1 > b;. Lemma 3(c) and (d) guarantee that for initial conditions on the positive y-axis,
T(x0,¥0) = Ey and for initial conditions on the positive x-axis, limy—co 1" (x0,y0) = (0,0).
To treat the dynamics in the interior of R? , consider R, := {(x,y) : x,y > 0and cox +y < by }.
By Theorem 2 of [4], R, is invariant. The region R, also attracts the interior of Ri. To verify
this, suppose that (xg, o) & R with xo, o > 0. In this case cax¢ + yo > by and

bix _bayo

X)=———<x and =

< Yo-
a1+ Xo + 1Yo C2X0 + Yo
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(©)

It follows that there exists N > 0 such that for alln > N, (x4, y») € R, and thus R, is attracting.
To conclude the proof, suppose (xo, o) € Ra with xg,y9 > 0. In this case x; < xp, y1 > Yo
and as a consequence of the invariance of R,, {x,} is a decreasing sequence while {y,} is
a non-decreasing sequence. Therefore, lim,_, T"(xo,¥9) = Ey. The above arguments prove
that the basins of attraction for E, and the singular point (0,0) are B(E;,) = [0,00) x (0, c0) and
B(0,0) = [0,00) x {0}.

Let a; < by, by > aq + bpcq, and by < cp(by — w1). Lemma 3(c) and (d) guarantee that for all
initial conditions on the positive y-axis, T(xo,y9) = E, and for all initial conditions on the
positive x-axis, lim; oo T™(x0,y0) = Ex. To treat the interior of ]Ri, consider R, := {(x,y) :
x,y > 0,c0x +y > by and a1 + x + c1y < by } shown in Figure 4.

Please note that R; is an invariant region by Theorem 2 of [4]. Consider (xp,1o) € R} with
x0,Yo > 0 and notice
byxo

Xq)=——""———2>x and y;=

b
_ Y o Yo-
a1 + X0 + C1Y0

CoXo+ Yo

As a consequence of the invariance of Ry, {x,} is a non-decreasing sequence and {y,} is
a non-increasing sequence. Therefore, using basic properties of sequences and the fact that T is
strongly competitive, limy,_,o T"(x0, o) = Ex. Finally, suppose (xo,y0) & Ry with xo,y9 > 0.
By Lemma 3(a), (xn,yn) € [0,b1) % [0, by] for all n > 1. Choose (u,v) € R, with u,v > 0 such
that (1, v) =g (x1,¥1) =<se (x1,0). Since T is strongly competitive, notice

Tn(”z U) Lsge Tn(xlzyl) Lse Tn(xlr 0)- (16)

Therefore, lim;, 0o T”(xo,yo) = E,. We have arrived at the desired result that the basins of
attraction for Ey and E, are B(Ey) = (0,00) x [0,00) and B(Ey) = {0} x (0, 00).

The proof for the case when by < a1 + bycq, by > c2(by — ) is similar and will be omitted.
Letay < by, by > &g + bpcy, and by > cp(by — aq). As in part (b), Lemma 3(c) and (d) guarantee
that the positive part of the y-axis is a subset of B(E,) and the positive part of the x-axis is
a subset of B(Ey). To treat the interior of R%, consider the region R shown in Figure 5.

Please note that R, is invariant by Theorem 2 of [4]. Provided that (xg,y9) € R with x¢,y9 > 0,
monotonicity properties (similar to part (a) and (b)) along with Lemma 3(b) can be used to
prove that lim, e T"(x0,y0) = E. Suppose (xo,y0) ¢ R with xo,y9 > 0. By Lemma 3(a)
we know that (x,,y,) € [0,b1) x [0,by] for all n > 1. Moreover, since (xg,y0) <se (X0,0)
then T" (xo,0) <se T"(x0,0) for all n > 1. Consequently, there must exist an N > 1 such that
(xn,yN) €10, lc’—;) x [0, ba]. Now, choose (u,v), (s, t) € R such that (1,0) <s (XN, YN) =Zse (5,1).
Since T is strongly competitive we have

T (u,v) <se T"(xn,YN) <se T"(s,1). (17)

Therefore, lim,, .o T" (x0,y0) = E for all (xq,y0) € R.. We have reached the desired result that
the basins of attraction for E, Ex and E are B(E) = (0,00) x (0,00), B(Ey) = (0,00) x {0} and
B(Ey) = {0} x (0,00).

Let a; < by, by < a1 + by, and by < cp(b1 — a1). In light of Lemma 4(c), Theorems 1 and 5
of [6] guarantees that there exist the global stable and unstable manifolds for E, W*(E) and
W (E) respectively, with the above mentioned properties. An immediate checking shows that
Ey =se E =s¢ Ey and that the interior of the ordered interval [E,, E] is a subset of B(E, ), while the
interior of the ordered interval [E, E,] is a subset of B(E,). Now, take any point (xo, y9) € R%
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such that (xp,y0) <se W*(E) (i.e., above W*(E)). Then (0,v0) =se (X0,Y0) <se (st(E),yo),
where (x)ys(g), ¥0) € W*(E). By Lemma 3(c) and the monotonicity of T, for n > 1,

Ey = T"((0,50)) <se T"((x0,40)) <se T"((xyys(£), Y0))- (18)

Since limy—eo T"((X)y5(£), Y0)) = E, (18) implies that T"((xo, yo)) enters the ordered interval
[Ey, E] and so converges to E,. In a similar way, one can show that the ordered interval [E, Ex]
attracts all points below W*(E), and so all such points converge to E,.

(e) By Theorem 1 of [6], for each E; there exists the set JW*(E;) passing through E; and asymptotic
to (0,0), which is the graph of a continuous, non-decreasing function, which is exactly the basin
of attraction of E;. The continuity of the limiting equilibrium solution as a function of initial
conditions follows as in [9].

(f)  The proof is similar to the proof of part (b) and will be omitted here.

O

Based on Figures 2 and 3, the global dynamics of systems (4) and (5) are similar. However,
the techniques of the proofs are different since the determinant of the map corresponding to system (4)
is identically zero in the first quadrant while the determinant of the map corresponding to (5) is
positive and the map satisfies (O+) condition. This condition greatly simplifies the proof for system (5).
The qualitative difference between system (1) and systems (4) and (5) is in the case when by <1,bp <1
which is possible because of the fact that a1, #, > 0. In this case, Eq(0,0) is a globally asymptotically
stable equilibrium for system (1), while the basin of attraction of the singular point E((0, 0) is an empty
set for system (4), and the basin of attraction of the singular point E((0,0) is the non-negative part of
the x-axis for system (5). The major difference between systems (4) and (5) is the case a; > by which is
possible only for system (5) when the singular point (0,0) has non-empty basin of attraction. Thus the
presence of a7 will introduce new dynamic scenario while the presence of both a1, #; will introduce
one additional dynamic scenario. As we mentioned in Remark 1 systems (1) and (4) are solvable for
the special values of parameters while there is not a formula for the exact solution of system (5) at this
time for any choice of parameters.

bz—Cz(bl—le) E

™
<

]
<

L/ £
\\ /.L

E. ) E. ‘bl — a1 — brcy
E, \/ K, ‘
Ex Ey

Figure 3. Global dynamics of System (5).
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'_

I E,

Figure 5. R; := {(x,y) : x,y > 0and (x + c1y + a1 — by)(cox +y — bp) < 0}.
5. Conclusions

The presented results will serve as motivation for deriving the general results for monotone
(competitive and cooperative) systems in the plane such as in [24], which will lead to some standard
global dynamic scenarios results. The global dynamic scenarios results require detailed local stability
analysis which can be fairly complicated and tedious as soon as at least one quadratic term is present,
see for instance [25]. The presence of quadratic terms may cause the emergence of new dynamic
scenarios such as the Allee effect, periodic solutions, Naimark-Sacker bifurcation etc. Furthermore,
we are interested in extending the presented results to higher dimensions to so called multispecies
Leslie-Gower model which will consist of k > 3 equation of type (1). Some results in this direction were
obtained in [11,12]. We would like to use the full strength of monotone systems theory which at this
moment is not available in dimensions higher than 2. The k > 3 dimensional version of System (4) will
be an example of linear fractional homogeneous system which dynamics can be reduced to dynamics
of k — 1 linear fractional homogeneous system, which means that the dynamics 3-dimensional version
of System (4) can be reduced to dynamics of this system. In some special cases analogue to the ones in
Remark 1 one can find the explicit solution of such system and so obtain the dynamics in such case.
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