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where «, 8,y,8,X0,Yo are positive real numbers. This system was host parasite; persistence

formulated by P. H. Leslie in 1948 and the present manuscript provides
the most complete dynamical analysis to date. A boundedness and AMS SUBJECT
persistence result along with global attractivity results for various CLASSIFICATIONS
parameter regions are established. 39A10; 39A22

1. Introduction

A host-parasitoid model is a type of prey-predator model where the development of the
attacking species (parasitoid) depends on the quantity of the food species (host) made
available to it and the population of the food species depends on how many of its peers
survived the infestation [1,4]. Host-parasite models have a similar structure to that of
host-parasitoid models with the biggest difference being that the parasite may not kill
the host [1,3]. These models have attracted the attention of many authors in recent years
and several interesting systems are studied in [2,5,13,16,17]. One host-parasite model of
particular interest, formulated in 1948 by P. H. Leslie, is given by

A1 Ny (1) A2 N (%)
Ni(t+1)= AGE No(t+1) = N0 t=0,1,2,...,
1+ ()‘1 - 1) 12<2 1+ ()"2 - 1) K;N?(t)

(1)
where A1, 1y > 1 and K, K, are positive constants (see [11, p. 239]). The quantity N;
represents the population of the host and N, represents the population of the parasite.
An increase in the parasite population N, results in a decrease in the host population N;
and an increase in the ratio %—f results in a decrease in the parasite population as they lack
resources to survive. See [11,12] for more information on (1). System (1) can be rewritten

as
o Xy Y XnYn

T4 By YT ey

where «, 8, ¥, 8, X0, yo are positive real numbers.

Xp+1 n=0,12,..., (2)
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2 D. MCARDLE AND O. MERINO

System (2) has been studied by Q. Din and T. Donchev, who claim in Theorem 6 of [3]
that when o, y > 1 the unique positive equilibrium is a global attractor. However, the proof
in [3] is incorrect as we now explain. The analysis of system (2) in [3] relies on Theorem 5
of [3], which is a result that appeared first as Theorems 2.2.9 and 2.2.11 in the PhD thesis
of M. Nurkanovi¢ [14]. Also see [10]. A generalization of these results is Theorem 3 in [9].
The result of Nurkanovi¢ (or Theorem 3 of [9]) guarantees boundedness and persistence
of solutions to (2) on sets [m1, M1] X [m;, M;] that are invariant under the map associated
with the system. The purported proof of Theorem 6 in [3] failed to verify that nontrivial
invariant sets [m7, M1 ] x [m2, M] exist, and therefore global attractivity of the equilibrium
was not established. In fact, no such sets exist: if [m17, M] x [m3, M,] is an invariant subset
of the positive quadrant of the plane, then by monotonicity and invariance,

mIS& and a—leMl. (3)

1+ B M, 1+ Bm;

From (3), one obtains 1 + BM; < a and o < 1 + B my, hence my; = M,. A similar
calculation gives m; = Mj, and it follows that the invariant set consists of just one point.
Consequently, Nurkanovi¢’s result cannot be used to prove that the positive equilibrium
in (2) is a global attractor. The present manuscript provides a proof, among other things,
of the global attractivity of the unique positive equilibrium as well as the boundedness
and persistence of solutions to system (2) under certain parameter restrictions that include
those considered by Din and Donchev. The results in the coming sections provide the most
complete analysis to date of model (1) formulated by P. H. Leslie in 1948.

Before we state the main result of this paper, it is convenient to introduce the change of
variables B

= 5x, Yy =By.
This change of variables allows for the elimination of the parameters g and §, and after

renaming variables, system (2) is transformed to

o Xy . Y Xn Vn
1+yn) " Xn + Yn

Xptl = , n=0,1,2,.... (4)

An elementary calculation gives that a positive equilibrium for (4) exists if and only if
o > 1and y > 1. When this equilibrium exists, it is unique and given by

o a—1
(x+,)’+):<—,01—1> (5)
y—1

Furthermore, if the positive equilibrium (5) exists, it is locally asymptotically stable [3].
The main result of this paper is Theorem 1, which is presented below.

Theorem 1: Assume «, y are arbitrary positive real numbers. Then system (4) has a
positive equilibrium (X4, y4+) if and only if « > 1 and y > 1. If it exists, the positive
equilibrium is unique and given by (5). For arbitrary positive numbers xo and yo, let {(xy, yn)}
be given by (4). Then the following statements are true:

(i) Ifa <1, then (x4, yn) — (0,0).
(i) Ife = landy < 1, then y, — 0 and there exists x > 0 such that {x,} is
monotonically decreasing and converges to X.
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Figure 1. Parameter space regions. Here ‘B. & P.” stands for bounded and persistent orbits, (x, y) stands for
orbits converge to a unique positive equilibrium, (X, 0) stands for orbits converge to a point on the x-axis,
and so on.

(iii) Ifao =1landy > 1, then (x,, yn) — (0,0).

(iv) Ifa>1landy <1, then x, — oo and y, — 0.

(v) Ifa>1landy =1, then x, — o0 and, for somey > 0, y, — .

(vi) If1 < a < y, then (x4, yn) — (X4, y+). Furthermore, the positive equilibrium

(X4, y4) is globally asymptotically stable on (0, 00) x (0, 00).
(vii) If1 <y < «a, the sequence {(xy, yn)} is bounded and persistent in (0, 00) x (0, 00).
Also, for some choices of y, o there exist nontrivial periodic solutions.

The seven dynamical scenarios described in Theorem 1 are depicted in Figure 1 where
the various parameter regions are labelled according to the long-term behaviour of solu-
tions {(x,, yn)} of system (4).

Our proof of Theorem 1 can be described as consisting of three main parts. The first part
comprises proofs of statements (i) through (v) regarding the global behaviour of solutions
to (4) in the absence of a positive equilibrium. This is done with elementary arguments in
Section 2.

The second part of our proof of Theorem 1, presented in Section 3, treats statement (vi)
regarding the global attractivity of the positive equilibrium when 1 < & < y. A well known
approach to proving global asymptotic stability of an equilibrium (hence global attractivity)
is to establish the existence of a nonnegative function L(x, y) that serves as a global, strict
Lyapunov function for the map associated with the system (Theorem 2.16 in [6]). Due
to the local asymptotic stability property of the equilibrium in our case, it is enough to
have that L(x, y) is a global strict Lyapunov function for the second iterate of the map. To
establish this, it is sufficient to verify {(x, y) : L(x,y) = 0} is a singleton set consisting of
the equilibrium point, and that for ¢ > 0, the sub-level sets {(x,y) : L(x,y) < c} satisfy
certain properties. Specifically, the sub-level sets must be a family of compact invariant
neighborhoods of the positive equilibrium that cover the positive quadrant and satisty the
property that each such set is mapped into its interior under the second iterate of the map.
For this purpose, we perform a transformation that makes (1, 1) the unique equilibrium
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Table 1. Some periodic points of system (4) for« = 1000, y = 4. These (approximate) periodic points
were found numerically, and they can be calculated to any desired number of significant digits with
a computer algebra system such as Mathematica by using extended precision arithmetic and taking
advantage of the fact that the parameter values are natural numbers.

Point Period
(7.23296542408588, 119.37344586002276) 9
(2.9537477933807694, 74.9804098699995) 10
(1.315953175890067, 44.70579950089623) 11
(0.6162568330798077, 24.574047842527435) 12
(0.30216562897564875, 11.571433168943637) 13

point. Then we prove that the sub-level sets of the Kobayashi internal metric on the positive
cone (see [8, p. 86, Lemma 3.3.5 (iv)]), parametrized as

Sys<mu,x<y=sux}, wuxl,

==

satisfy the desired properties (see Proposition 1 and Corollary 1). We do this without
any further explicit reference to Lyapunov Theory. We are thus able to establish global
attractivity of the positive equilibrium point when 1 < o < y.

The third part of our proof of Theorem 1, which concerns the remaining parameter
region 1 < y < «, is presented in Section 4. We found that periodic solutions exist for
many parameter selections satisfying 1 < y < «. For example, with @ = 1000, y = 4, the
unique equilibrium point (333, 999) coexists with several nontrivial periodic points, shown
in Table 1. Therefore global attractivity of the unique equilibrium does not necessarily hold
for parameters1 a, y satisfying 1 < y < «. However, the existence of periodic solutions
does not preclude the system from having other global properties. Indeed we establish
boundedness and persistence of solutions when 1 < y < « (i.e. statement (vii) of Theorem
1) in Section 4. This is done as follows. A solution {(x,, y»)} to (4) is persistent if there
exists § > 0 such that min (x,, y,) > 8 for all n > 0. A logarithmic change of coordinates
is performed to make the phase space the whole plane, so that, per Proposition 2, the
question of boundedness and persistence of solutions to (4) is reduced to the question of
boundedness of solutions in the new coordinates. A cover of the plane by compact sets
IC¢ with T > 0 is constructed, such that for large enough 7, IC; is invariant under the map
T associated with the system in logarithmic coordinates. The map Tis given in Equation
(22), and the sets K; are introduced in Definition 1. Boundedness of solutions follows
from the existence of the sets /C; and their corresponding properties. See Figure 2 for a
visual representation of this idea.

The sets K7, introduced in Section 4 of this paper, are constructed with the help of
certain auxiliary maps which are obtained from the main map of the system by applying
suitable changes (see the comments after Corollary 2). This approach may be applicable to
more general planar difference equations in order to prove boundedness of solutions. To
our knowledge, this is the first time that it has been implemented.
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(@) (b)

Figure 2. (a) The first few points of two orbits O¢ and O, having initial points P and P,. (b) A way to
prove that the orbits O and O, are bounded is to find a compact set K (outlined) which is invariant
under the map 7, and that contains the initial point of the orbits. By invariance, K contains all the points
of the orbit.

2. Global behaviour in the absence of a positive equilibrium

This section presents a proof of statements (i) through (v) of Theorem 1. Suppose first that
o < 1. Choose arbitrary positive real numbers xo and yo. With (x,, y,) given by (4) for

n > 0, we have
o Xy

< for all >0, 6
1_i_yn<ozx,,_x,, orall n> (6)

Xn+1 =

and thus

X converges to a nonnegative real number x. (7)

Assume o < 1. If x > 0, then y, — o — 1 by (6), which is impossible for o < 1. Therefore
Xp — 0asn — oo. From (4), y, — 0asn — oo and statement (i) follows.

If « = 1, then there is a continuum of equilibrium points on the extended domain
(0,00) x [0, 00), consisting of points of the form (x, 0) where x > 0.

With o = 1, we consider three cases: y <1,y = l,and y > 1.

a =1,y < 1: From (4), yp+1 < ¥ yn, thus {y,} is decreasing and convergent to some
y > 0.1fy > 0, then from (4),

— _
X, = Vn+1Yn - _}’ _— Y ) (8)
YVn=Ynt1 ¥y —y v —1

The last term in (8) is negative. This implies that y = 0. From this and (7) we conclude
X, — X > 0and y, — 0. Statement (ii) follows.

a=1,y =1:Wehave y,4; = x’;’f}’jﬂ < yn, therefore {y,} is a decreasing sequence that
converges to some y > 0. From x,,41(1 + y,) = x,, we have x (1 4 y) = X. It follows that if
X >0,theny = 0. Butifx = 0, y11(xys + yu) = Xn yn implies y (0 + y) = 0y = 0, that is,
y = 0. Therefore (x,,y,) — (x,0) for some x > 0. We claim that x = 0. Suppose x > 0.
Consider the map R associated with (4) whena =y = 1:

x Xy
1+y x+y

R(x,y) := ( ), (x,y) € (0,00) x (0,00).
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The map R has a real analytic extension R to a neighborhood N C R? of (%, 0). It is shown
in [7] that if A is small enough, then for every point (x,y) € N\ {(,0)} there exists n > 0
such that R"(x, y) & N. This contradicts x, — X, so x = 0. We conclude x, — 0 and
Yn — 0.

a =1,y > 1: We claim x = 0. Suppose this is not the case, i.e. x > 0. Then 1 4 y, =
Xn+1

o> 1, s0 y, — 0. Also,

Yn+1 ¥V Xn
Vn Xn + Vn

which implies y,, # 0. This contradicts the assumption, hence x,, — 0. We have,

Ynir = Y Xnt1 Yntl Y XnYnt1 Y Xn
+ —_— =
" Xnt1 + Ynri1 (1 +)’n)(xn+l +)’n+1) 1 + ¥

Therefore, y,, — 0 and statement (iii) follows.
Now, suppose that o« > 1 and y < 1. Using system (4),

Y XnYn < Y XnYn
Xn + Yn Xn

Yntl = =yy, forall n>0,

and thus y, — 0as n — oco. Furthermore, since & > 1, there exists N > 0 and A > 1 such
that # > A for all n > N. Then,

I oS >N 9)
Xppl] = ——— Xn, n>N.
n+1 1 +J/n n
Consequently, x, — 0o as n — oo and statement (iv) follows.
Ifa > 1and y = 1, we have

XnYn
Xn + Vn

Vnt1 = <yp forall n=>0.

Thus there exists y > 0 such that y, | y.If y = 0, then from (9) we have x, — oo. If
y > 0, then from (4), x, (Vn — Yn+1) = Yn+1ynforn > 0. Asn — 00, Y41 yn — )72 >0,
which implies x,, — 00 and statement (v) follows. 0

3. Global attractivity of the positive equilibrium

This section provides a proof of statement (vi) of Theorem 1. Throughout the section we
assume that 1 < o < y. Under this assumption, there exists a unique positive equilibrium
(5) for system (4). Furthermore, the change of variables

, a—1\1 , 1
x = - Y=(@-1)-
y—1/ x y

conjugates system (4) to

X
Xp+1 = axy, + (1 —a) - Y1 =1 —=b)xy,+by,, n=0,12,..., (10)

n
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P

(a) (b)
Figure 3. (a) The sets 7, and P4. (b) The boundary of a set P, (solid) and its image S(37P,,) (dashed).

where the parameters a and b are
a=— and b= —. (11)
The map associated with (10) on the positive quadrant is given by

S(x,y) = (ax+ (1—-a) ;’(1 —b)x+ by) , (%) € (0,00) x (0,00). (12)
The assumption 1 < a < y is equivalent to
0<b<a<l, (13)
in which case the map S has a unique positive fixed point, namely (1, 1). We shall prove
statement (vi) of Theorem 1 by proving a similar result for (10) under assumption (13).

For u > 1, let

Xx<y=<ux}.

==

SyY= K,

The sets P, and P4 can be seen in Figure 3. Note that for each u > 1, the set P, is the
convex hull of the points

Pl :(,LL,,M), P2:(1,,U,), P3=(ﬁ’1)) P4= (ﬁ’%’,‘)) P5=(17ﬁ)a P6=(,u)1) (14)

Some properties of the sets 7P, are given in Proposition 1 below.
Proposition 1:  The following statements are true:

(i) (1,1) € Py foreach u > 1, and Py = {(1,1)}.
(if) U{P, : u > 1} = (0,00) x (0,00).
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(iii) Forevery (x,y) # (1, 1) there exists v > 1 such that (x,y) € 9P,.
(iv) S(P.) C P, foreach u > 1.
) SZ(P,L) C int(Py) for each pu > 1.
Statements (i) through (iii) of Proposition 1 are obviously true, so here we only prove

(iv) and (v). Before we do so, we state a corollary to Proposition 1 that is equivalent to
statement (vi) of Theorem 1.

Corollary 1:  For every (x,y) € (0,00) x (0,00), §"(x,y) — (1,1).

Proof: If (x,y) € (0,00) x (0,00), then (ii) of Proposition 1 implies (x, y) € P, for some
w > 1. By (iv) of Proposition 1, §*(x,y) € P, for all n > 1 and thus {$"(x, y)} has at
least one accumulation point (X, ¥). Suppose (X, y) # (1, 1), then by (iii) there exists v > 1
such that (x,y) € 9P,. By continuity of S and by (iv) and (v), $"(x, y) € int(P,) for all
n sufficiently large. This is not possible since (¥, y) is an accumulation point of {S"(x, y)}
and therefore (x,y) = (1,1). Since (1,1) is the only accumulation point of the bounded
sequence {S"(x, y)}, it follows that $"(x, y) — (1,1). O

Now, for the proof of (iv) and (v) of Proposition 1, let i > 1 be fixed but arbitrary, and
let Py,. .., Ps be the extreme points or vertices of P, given in (14). We claim first that

S(P¢) € P, forl <t <6. (15)
From (12) and (14),

S(P1) =S(u, ) =0 +a(u—1),u) €[P1,Ps],
S(Py) =S (ﬁ 1) - (ii +b (“7*1)) € [P3, Py,

s =S(L1)=(1+a(2). L) elPps)
S(Pe) =S (u-1) = (uop+b(1—p) €[Ps,P1].

Furthermore, S(P;) = S(1, ) = (a+ %, 1+ b (. — 1)) and it can be readily seen that
the following inequalities are true:

<a+ <, g <l4b(p-D<p, g @+ 59 <1+bw—1) < p@+ 159,

1
m

T =

That is, S(P;) € P,,. Finally,

s =$(14) = (a = +mb (£) +1).

and one can similarly conclude that S(P5) € P,,. Thus (15) has been established.
To prove (iv), it is sufficient to prove S(3P,) C P,.. We have

@(u—1D+D({(u—1t+1)

S([P1, P2]) = {( "

b(,u—,ut+t—1)+(,u—1)t+1> : Oftfl}.
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Hence S([P;, P»]) isaline segment with endpoints in the set P,,, which is convex. Therefore,
S([P1,P2]) C Py. Similar considerations lead to S([P», P3]) C Py, S([P4, P5]) C Py, and
S([Ps, Ps]) C Pp.

For 0 <t < 1,let x(¢) and y(¢) be defined by the equation

- 1+b(—-1 —
(x(f)’)’(f))ZZS((l—t)P3+tP4):<:('Zj—tt—a5:), +5( +Mu+t /u))'

Then S([P3, P4]) = {(x(¢),y(t)) : 0 <t <1},andfor0 <t <1,

d_x_—(l—a)(,u—l) >0 and Qz—b(l—u) <

= 0. 16
dt  (u+t—pt)? dt " (16)

Hence, from (15) and (16), S([P3, P4]) C [/lt’ 1] x [l%, 1]and we conclude S([P3, P4]) C P.
A similar proof (omitted here) yields S([Ps, P1]) C P. This completes the proof of (iv).
For part (v), from the proof of part (iv), if (x,y) € Py, then S(x,y) € 9P, only
when (x,y) € {Pi, P3, P4, Ps}, and otherwise S(x,y) € int(P,) and Sz(x,y) € int(Py).
In addition, for 1 < £ < 6, S(Py) & {P1, P3, P4, P}, so S*(Py) € int(P,,). It follows that
S*(Py) C int(P,). O

4. Boundedness and persistence of solutions

A proof of boundedness and persistence of solutions of system (4) for 1 < y < « is
presented in this section, which corresponds to the first part of statement (vii) of Theorem
1. The second part of (vii) concerning the existence of nontrivial periodic points is justified
in the Introduction (Section 1), see Table 1 and associated comments.

4.1. Structure of the Proof of Statement (vii) of Theorem 1
Throughout the section we shall assume the inequality

l<y<a. (17)
Under this assumption, there exists a unique positive equilibrium (5) for system (4). The

change of variables
. fa—1\1 1
X = -, =
y—1/) x 7 a—1 4

conjugates system (4) to
Vn

(1 —b)xny,,—l—b’

xn—i-l:axn‘l‘(l_a)xnyn; yn-‘rl: n:0a1;2)~--; (18)

where a and b are as in (11). The map corresponding to (18) is given by

)

T(X,)/) = (ax—i—(l —a)xy, m

), (x,y) € (0,00) x (0,00).  (19)

Assumption (17) becomes
0<a<b<l, (20)
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in which case the map T has a unique positive fixed point, namely (1, 1). We shall prove
(vii) of Theorem 1 by proving a similar statement for (18) under assumption (20).

It is useful to consider logarithmic coordinates. Denote with L and E the planar maps
defined for (x, y) € (0,00) x (0,00) and (u,v) € R?, respectively by

L(x,y) :=(ln(x),In(y)) and E(u,v):= (e, ¢€"). (21)

Set T:=LoToE. That is,

eV

n . u _ u+v _—
T(u,v>—<1“(“e+(1 Ve )’1“<(1—b>e“+V+b

)) . (wv) eR*. (22)

Thus T is a conjugate of T for which the origin is the (unique) fixed point. An immediate
consequence of the definition of T is Proposition 2 presented below.

Proposition 2: Let (x,y) be an arbitrary element of (0,00) x (0,00). Then the sequence
{T"(x,y)} is bounded and persists in (0, 00) x (0, 00) ifand only if {T" (L(x, y) )} is bounded
in R2,

It can also be shown that bounded subsets of R? are contained in T-invariant compact
sets, as described in Proposition 3.

Proposition 3: Suppose 0 < a < b < 1. Then for any bounded set B C R? there exists a
T-invariant compact set C such that B C K.

Propositions 2 and 3 have the following corollary, which is precisely statement (vii) of
Theorem 1.

Corollary 2: Let (x,y) be an arbitrary element of (0,00) x (0,00). Then the sequence
{T"(x, )} is bounded and persists in (0,00) x (0, 00).

The remainder of this section is devoted to proving Proposition 3. The proof involves
constructing a family of compact sets IC; that satisfy the properties set forth in Proposition
3 for 7 taken to be sufficiently large. Figure 4 shows a typical set K;. The boundary consists
of five curves, three of which D’ 0 D 5, and D 4 are linear segments The remaining two
curves D'; and D' are derived from careful analysis of the map’s behaviour on certain
regions of the plane, away from the origin. Indeed, the curves D'1 and D'3 are subsets
of invariant curves of the maps M and N given in Equation (23) which approximate
asymptotically T on quadrants II and IV respectively. The maps M and N are obtained
from T by removing terms that can be neglected in selected regions of the plane. The maps
obtained in this way have invariant curves that can be found explicitly. These invariant
curves are used in turn to define D’ 1 and 15’

Before exploring these ideas rigorously, we first present basic results about T and T as
well as results related to the two auxiliary maps, M and N, that are useful in the construction
of K and for the arguments that follow.

4.2. Ancillary properties and maps

If F = (fi,f,) is a map on a planar region R, the equilibrium curves of F are the sets
{(x,y) e R :Afl (x,y) = x}and {(x,y) € R : f2(x,y) = y}. The equilibrium curves of the
maps T and T given in (19) and (22) play a prominent role in our proof. Before we go any



Downloaded by [University of Connecticut] at 08:01 07 November 2017

JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS . 1

Figure 4. A set /C; whose boundary consists of the sets 152 for0 < ¢ < 4.

further, we adopt the following convention in order to simplify notation use:
unless otherwise restricted, (x,y) € (0,00) x (0,00) and (u,v) € R2.
The equilibrium curves of the maps T are as follows:
Ci={(xy):y=1} and Cy:={(x,y):xy=1}.

The equilibrium curves C; and C, have (1,1) as their only common point, and the
complement in the positive quadrant of their union consists of four disjoint connected
components

Ri={(xy):y>land xy>1}, R, ={(x,y) :y>1and xy < 1},
Rs={(xy):y<land xy<1}, Ra={(x,y) : y<1and xy > 1}.

That is,
(0,00) x (0,00) \ (C1UCy) = JIR¢:1 < £ < 4.

Similarly, the equilibrium curves of the map T are
él = {(u,v) :v=0} and éz ={(u,v) :u+v=0}.

The curves él and éz have (0, 0) as their only common point, and the complement in the
plane of their union consists of four disjoint connected components

7%1={(u,v):v>0andu+v>0},7%2={(u,v):v>0andu+v<0},
Rs={(u,v) :v<0and u+v <0}, Ry = {(u,v) : v<0and u+v > 0}.

That is, o .
R\ (GUG) = JiRe: 1<t <4).

The sets Ry and 7@5, 1 < £ < 4, are depicted in Figure 5. Now, denote with <, the
South-East partial order on R? whose nonnegative cone is the standard fourth quadrant
{(u,v) 1 u > 0,v < 0}. That is, (u1,v1) <s (u2,2) if and only if u; < up and v; > vs.
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C, C;

R, R2

C R4

(1,1) N

R3

Figure 5. Equilibrium curves and complementary regions for T and T, respectively.

Similarly, denote with <, the North-East partial order on R? whose nonnegative cone is
the standard first quadrant {(u,v) : u,v > 0}. That is, (u1,v1) <ue (42, v2) if and only if
u; < uy and v; < v, (see [15]). Basic monotonicity properties can then be used to prove
Proposition 4.

Proposition 4:  The following statements are true:

1) () e T(x,p) for (x,y) e Ry (i) (V) Ze T(u v) for (u,v) € 7@1
(i) (x,p) Zpe T(x,y) for (x,y) € Ry (i) (u V) <ne T(u, v) for (u,v) € Rz
(iii) T(x,y) <se (x,p) for (x,y) € Rz (iii’) T(u V) s (,v) for (u,v) € R3
(iv) T(x,y) Zpe (x,9) for (x,y) € Ry (iV)) T(u, V) Zpne (U, v) for (u,v) € R4
We shall need the maps
. y
M(x,y) = <ax, —(1 — b)xy—i—b)’ (x,y) € (0,00) x (0,00),

and

1
N(x,y) = <(1 —a)xy, Ey), (x,9) € (0,00) x (0,00),

along with the corresponding conjugate maps M and N on R? given in terms of the maps
from (21) by
M:=LoMoE and N:=LoNokE. (23)

To prove the boundedness and persistence of the solutions of system (18), it is important
to understand the behaviour of the solutions for small values of x and y. Close inspection
of the map in (19) reveals that T behaves similarly to the map M for values of y close to
zero and T behaves similarly to the map N for values of x close to zero. In this way, M and
N offer valuable insight into the behaviour of solutions of system (18). In Lemmas 1 and
3 that follow, it is proven that there exist invariant curves for the maps M and N in R,
and R, respectively. These curves have important properties when related to the map T
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and play a role in the definition of the family of compact sets X; needed for the proof of
Proposition 3. Lemma 2 gives a property of the image of certain line segments in R3. This
is useful when proving the invariance of the sets C; that are constructed.

We shall need the constant r given by

In (b)
= . 24
" @4
Under assumption (20), r satisfies
0<r<l. (25)

Lemma 1, given below, details an invariant curve corresponding to the map M along
with properties of its image under T

Lemma 1: Let t be a fixed but otherwise arbitrary positive real number. Let fl :
(— 00, 7] = R be the function given by

fl(u) =—In (ef (e’(”_f) + ﬁ (er(”_r) — e”_T) ) ) . (26)
and let Dy and 75’1 be the sets
251 = {(u,v)eRZ:v=f1(u), ufr},
75’1 :={(u,v)eRz:v=f1(u),Ofusf,vso}.
Thenfl( -) is a convex smooth function,
M(D)) c Dy, and i"(f)/l) C { (u,v) € R? :fl(u) <v<0,u<rt } . (27)

Figure 6 shows the curve 15/1 described in Lemma 1 along with its image under the map
T. An extension of D] and its corresponding image in the third quadrant are also included

to illustrate the relation T(ﬁi) - { (u,v) € R? : fl(u) <v<0,u<rt }, which is needed
in the arguments used in Section 4.4.

Proof: A straightforward calculation gives

(1 —a)(1 —b)(r — 1)2eretmutttu

i
(u) =
: (1= byet — (1 — ayertu=—m)+r)?
) Al” (u) is well defined and positive for u < 7 + r_Ll In (%). This inequality, together

with (20) and (25), imply that ]?1// (u) is defined for u < 7, and consequently v is a convex
function of u foru < 7.
With the change of coordinates x = e, y = e", together with xo := e’ and

D= ooy gy =@+t (@ -2) x<et],

X0y
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S (D)

. A

. D'
(0. /,0) !
\ (-7,7

Figure 6. The curve 254 (thick, solid) and its image under T (thick, dashed) along with an extension of
D (thin, solid) and its image under T (thin, dashed).

the inclusion M(D;) C D; is equivalent to M (D)) C Dy. We prove the former. Suppose
(x,y) € Dy, and set

/ AN _ y
x,y) i=M(x,y) = <ax’—(1—b)xy+b>'

Then (x',y) € D; ifand only if x” < e” and

1-b b To1-b r
A-bxy+b _ (ﬂ) n ((%) _ a_x> . (28)
X0y X0 b—a X0 X0
Through algebraic manipulation, Equation (28) may be rewritten as
b x ax\" 1-=b ((ax\" ax
—=—10-b—+{—) + — ) -——). (29)
Xoy Xo X0 b—a X0 X0

The equality a” = b and further simplification in (29) give the equation

1 x\ 1-b(x\ 1-b (x
—=|—) + — ) - — . (30)
Xy X0 b—a \xg b—a \xg
Since by assumption (x,y) € D;, we have (30) is true. It is also the case that x’ = ax <
ae’ < e’. This proves (x',y) € D;.
To prove the second inclusion in (27), consider (u,v) € D/, and set (v/,v') = M(u,v)
and (u”,v") = T(u,v). Thus («/,v') € D;. From the definition of M and T we have

W<y and Vv =v". (31)

Consider the function ¥ (t) with t < t, given by

1-b
_ o r(t—=t) , = Y rt—1) _ t—T
Y(t)=e +b—a(e e )
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\\\
N,
(N
~
Py o
N A~ A~

Figure 7. The curve f); (solid) and its image under T (dashed).

Since (#/,v') € D then v/ = fl(u/) = —In (" ¥ (). Therefore, e *="" = v (u). This
fact, (31), and the increasing character of ¥ give

e TV =e—r—1/ :w(u/)< 1//(u//). (32)

Inequality (32) implies f‘l (u”) < v", which together with

//=1 # 0)
Y n(@—bnww+b)<

complete the proof of the second inclusion in (27). See Figure 6. O

Lemma 2, given below, details a property of the image under T of certain line segments.
Lemma 2: Let p and q be arbitrary negative numbers such that g < r, wherer is defined in

(24). Let 152 be the line in the plane through (p, 0) and (0, q), and let ﬁé be the line segment
whose endpoints are (p,0) and (0,q). Then T (D)) is a subset of the connected component of
R? \ D, that contains the origin.

Proof: For u < 0, v < 0, consider the real valued function

In ((1 — b)e*™ + b)

o (u,v) :=— In (a+ (1 —a)e") :
We claim
d(u,v) < _In®) =-r, u=0,v<0. (33)
In (a)

It can be easily shown that for fixed v < 0, ¢ (1, v) isincreasing in u. Therefore, it is sufficient
to verify (33) for ¢ (0, v). Equivalently, with y := e", we will verify that f(y) < —r for all
y € (0,1), where

In((1 —b)y+b)
TIn(a+(1—ay)

fo) =

Notice,

t+In(1—1t)<0 for te(0,1). (34)
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Therefore, for r € (0,1) and y € (0, 1),

i[((1—a’)y+ar)1n((l—ar)y+a’)]
ar 1—a"
_ aln@((1—-a)1—-y)+In1—-(1—-a")(1-y))) .

Gy 0, (35)

where (34) was used with t = (1 — a”")(1 — y) to conclude (35). The inequality in (35),
along with b = 4" from (24), imply

(A-by+bn@-by+b ((@—a)y+a)ln(@—-a)y+a’)

1-b 1 —a’
<((1—a)y+a)ln((1—a)y+a)' 36)
1—a
It follows from (36) that for all y € (0, 1),
q (1—a)In (1=b)y+b) _ (1=b)In (1—a)y+a)
(1—a)y+a (1-b)y+b
— = <0.
o/ (In (1~ a)y +a))?
Consequently, f(y) < f(0) = —E EZ; = —r, and statement (33) is established. Now,
assume (u,v) € 75’2 Since
Twv) = wv)=(In@+1—a)e), —In((1 —b) e +b)), (37)

the slope of the line through (u,v) and f”(u, v) is precisely ¢ (u,v). By Proposition 4,

I:(u, V) < (4, v). From the latter relation, (33), (37): and the hypothesis on the slope of

D,, namely -1 being greater than —r, it follows that T'(&, v) and (0, 0) belong to the same

P 2 A -
component of R? \ D,. The curve D) and its image under T can be seen in Figure 7. [

The final lemma in this subsection details an invariant curve corresponding to the map
N along with properties of its image under T. Prior to stating the lemma, we verify that

%({(u,v):u—l—vZO, u<o, v>0})C7A21. (38)
Consider (u,v) € {(s,t) : s+t >0, s <0, t>0}such that u + v = 0 and notice
Tu,v) = (In(ae* + (1 — a)),v). (39)

Since u < 0impliesIn (a e*+ (1 —a)) > u, it follows from (39) that f‘(u, V) € 7%1. Similarly,
consider (u,v) € {(s,t) : s+t >0, s <0, t>0}such that u = 0 and notice

A N
me=<m“+“_”””«a—MW+J>'

Since v > 0, T(u, v) is in the first quadrant of the plane and thus belongs to 7@1. By
continuity of T, (38) follows. This relation will be helpful in proving Lemma 3 below.
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Figure 8. The curve ﬁg (solid) and its image under T (dashed).

Lemma 3: Let cg be a fixed but otherwise arbitrary negative real number, and set

L 1 In (1—a) o 1
A==~ "he M e=my- (40)

Let D5 and @g be the sets

ﬁ3 ={wv)eR:u=av+av+ah
@g = D3N {(w,v):u<0,v>0}.

Then,
N(D;) c D3 and T(ﬁg) c{wv):u>cv*+cv+cy, v>0}. (41)

Figure 8 shows the curve ﬁg described in Lemma 3 along with its image under the map
T and illustrates the relation T'(Dj) C { (4, v) : u > ¢ v+cav+c, v>0

Proof: Let (u,v) € 153 (i.e.u = c2v* + ¢1 v + ¢g) and set
W, v) = Nu,v) = (In((1 —a)e“*), In (% e"). (42)
Then,

oWl +av+a
=o(v—In®)*+ca(v—1In(b)) +c

5 5 (43)
=cv' =20 (InB)v+c(In®d) +cv——c Inb) +c
=u—2c(InB)v+c (In®)? - Ind).

A straightforward calculation using (40) gives
—26(In) =1 and c(In®B)> —c lnk) =In1—a). (44)

Consequently, from (42), (43) and (44) we have

CZ(V/)2+C1V/+C():u+v+ln(l—a):ln((l—a)e“JrV):u’,
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This proves the first relation in (41). To prove the second relation in (41), let (u,v) € f)g

Since 0 <v < gy andu <0,
(1 —b)e"™ + b < max{e“™,1} < max{e’,1} = ¢,
and it follows that
e‘V

In{f— ] >0

n <(1 byt 1 b)
Consequently, f"(u, v) € {(s,t) : t > 0}. Now, define

Q_:={(uv) € 15’3 cu+v <0} and Q. :={(uv) € ﬁg cu+v >0} (45)

Clearly, ZA)g = Q_ U Q4. We consider two cases separately. If (4,v) € O, then by
Proposition 4 we have (1, v) < T (1, v). Combining this with (38), it follows that T'(u, v) €

{(s,t):s>ct> +c1t+co, t>0). If now (u,v) € Q_, then by Proposition 4, (1, v) <pe
T(u, v). Also, note that for x := e and y := ¢,

(1-bxy )

T(x,y) = N(x,y) = (‘”’_b((l —b)xy+b)

Hence N(x,y) < T(x,y), which 1mpl1es N(u V) <se T(u, v). Now, N(u, V) € D3 by the
first part of this proof and the relation T(u V) € {(s, s>t +cat+c, t>0)
follows. The curve D/ along with its image under T can be seen in Figure 8. O

4.3. Construction of a family of compact sets

We begin by establishing some useful inequalities. We shall need the following values,
which can be obtained from Equation (26):

Ao (b —a)etV
Ko _1n((b—a)—i—(l—b)(l—ef(’—l)) (16)
and
R _ _ T (1—r)
ff(o) _ b—(1—-a)re 47)

1—-b—(1—a)erd-n"
Lemma 4, presented below, is easily established from relations (20), (25), (46) and (47).

Lemma4: There exists t; > 0 such that
fl(O) <0, for T>r1,

and

fl’(O) <0, for T2>T1.

The sets IC; are introduced next.
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Figure 9. A set C; whose boundary consists of the sets 252 for0 < ¢ < 4.

Definition 1: Let v € Ry be such that T > 1) with 7; as in Lemma 4, and set

a1 =10, (48)
p2 = —J:l © , and
H0)
—c1 + 2 _ 4
g = LT ;162 ap: (49)

where fl (0), fl’ (0), ¢1 and ¢; are given in (40), (46), and (47). Let the set C; be the convex
hull of the sets D), 0 < £ < 4, where

Remark 1:

is the line segment joining (7, 0) and (t, —7).

is the curve given in Lemma 1 with endpoints (r, —7) and (0, q1).

is the line segment with endpoints (0, q;) and (p2,0).

is the parabolic arch in Lemma 3 with endpoints at (p3,0) and (0, g2).
is the line segment with endpoints (0, g2) and (z, 0).

In Definition 1, q; < 0 and p» < 0 by Lemma 4. Therefore, C; is a compact

and convex neighborhood of the origin such that 0/C; = U‘ézof)@ See Figure 9.

Remark 2:

In order to simplify notation, dependence on t has been suppressed in the

terms g1, p1, g2, and 252, 0<¢<4.

The proof of Proposition 3 involves an asymptotic argument on the parameter 7 as it
relates to the compact set /C;. It is useful for us to first describe the asymptotic behaviour
of q1, 2, and p, when © — +o0.

Claim 1:

The asymptotic behaviour of q1, q2, and py is as follows:

i a=@r—-Dr+01)ast — +oc.
(i) pr= (%) T+ 00)ast — +00.

(ili) g2 =+/21n(b) %ﬁ—i—@(l) as Tt — 4oo.
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Proof: From (46) and (48),

g =—Dr+Inb—-—a)—In((b—a)+ 1A -b)(1 - et(rfl)))

1
=(r—1t+In .
<1+}fﬁ(1 —ef“‘”)>

Since r € (0, 1), (i) follows. Similarly,

__ho 1 ( (b—a)e™V )
floy fo \G-—a+A-ba—eD)
_ (1A — r)r I Eb —a) N In((b—a)+ (1A— b)(1 — ef<r—1>))_
1(0) 1(0) 10

Since r € (0,1) and lim;_, oo f{ (0) = —r, (ii) follows. Finally, from (49) and (ii),

—Cl+,/C%—4C2p2

©= 2(,‘2

- [-B 1o
(%]

- —<r_1>r+(9(1),
cQr

and thus (iii) follows from substituting ¢c; = —1/(21n (b)). O

4.4. Proof of Proposition 3

To prove Proposition 3, we establish first that any given bounded set B C R? is contained
in IC; for 7 large enough.

Claim 2: Let B C R? be bounded. Then for all T large enough, B C K.

Proof: Since K; is convex, the quadrilateral S whose endpoints are (7, 0), (0,41), (p2,0)
and (0, g2) is such that S C /C; (see Figure 10). Therefore, Claim 1 implies that for all large
enough 7, KC; contains B. O

Next we prove that for all t large enough, T(ZA?Q) C K; for 0 < £ < 4. Once this has
been established, it follows that K, is T-invariant for large t and the proof of Proposition
3 will be complete. The boundary of K; along with its image under the map T can be seen
in Figure 11. We assume in Claims 3 through 7 that t > 7.

Claim3: T(D)) C K.

Proof: Let us first verify that the endpoints of T(@é), namely the points T(z,0) and
f“(r, —1), belong to ;. Notice f“(r,O) = ('c, —1In ((1 —b)et + b)) satisfies
—1In ((1 —b)e’ +b) > —7, hence T(r,0) € K;. Also, %(r,—r) = (In(ae® +
(1 —a)),—1) satisfies 0 < In(ae® + (1 — a)) < 7. Since (1,—7) € 15/1’ it follows from
Lemma 1 that T(t, —1) € K¢, so both endpoints of T(ﬁé) belong to KC;.
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Figure 10. The quadrilateral S; with S; C IC;.

Figure 11. Boundary of the set /C; (solid) and its image under T (dashed).

We now show that TA"(ZA){)) is a curve linearly ordered in the <,,, partial order. We may
write D) = {(r,—tt): 0 <t <1}.For0 <t < 1set

@0, 7(0) = T((r, ~r ) = (In (ae” + (1 =@ e 4 ) I (77 ) ) -

(50)
Then T(D ) = {(u(t),v(t)) : 0 <t <1}.From (50),
din (1—a)re’d=0 <0 and dv bre't <o
- = — an - = —
dt (1 —a)et-D 4 ge? dt (1 —Db)e* +bet

Thus both #(t) and v(t) are decreasing functions of ¢ in [0, 1], so T(D ) is a curve linearly
ordered in the <, partial order. It follows that T(D ) is a subset of the closed rectangular
reg10n ‘R determined by the vertices T(r 0) and T(r, —1). Since the second coordinate of
T(r, —1)isequalto —7 and D is the graph of a convex function, it follows from (27) that
R C K, and consequently, T(D/) c K. O
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Claim 4: YA"(ZA)/I) c K.
Proof: For (u,v) € 15/1 arbitrary but fixed, let (&1, ¥) be given by

A . u _ u+v #
(u,v)—T(u,V)—(ln(“e +d—a)e )’m((l—b)e“”-i-b))

By the second relation in (27) of Lemma 1, and convexity of K; and 251, it is sufficient
to verify that ¥ < 0. Notice (1,v) € D] implies u > 0, v < 0, and (1 — b) et b >
(1 —=">0)e" + b > e". It follows that v < 0. O

Claim 5: TA"(QA)Q) c K.

Proof: The line segment f)é has slope —g—; = fl/ (0). Now

(1I-bA—-r)e" (I-b1—r)

G-—De+(-me  G-Drd_men "

flO) +r=

Thus the hypothesis —g—; > —r of Lemma 2 is satisfied. Now, let £ be the line through

(0,91) and (p2,0) and let Ly be the connected component of R? \ £ that contains the
origin. Lemma 2 guarantees YA"(lA)/z) C Ly. Also, note IA"(ZA)Q) is linearly ordered in the <,
partial order, which we verify next. We may write 75/2 ={(p2t, (1 —t)q1): 0 <t <1}
For0 <t <1 set

(@(t), 7(t)) == T((pat, (1 — ) q1))

(I-t)q1
. ot _ p2t+(1—1) qu ¢
_(ln(“e T )’ln<(1_b)epzt+<l—t>q1+b))’

(51)

then T(D}) = {(@(t), 7(t)) : 0 <t < 1}. From (51),

dit  aps+ (1 —a)(py —qel=Pa d dv P2 (1 —b)eitP2t 4 pgett!

dt a+(1—a)el=bHa T (1 — b)etrtpat f pent )
Using statements (i) and (ii) of Claim 1 and (52) we conclude that for t large enough,
u(t) is a decreasing function of t € [0, 1] and ¥(¢) is an increasing function of t € [0, 1].
Consequently, TA"(ZA)Q) is a curve linearly ordered in the <, partial order and is thus a subset
of the rectangular region R determined by the initial and final points. Hence

T(D)) c RN Ly. (53)

Note that T(O, q1) € K; by C}airAn 4 and i"(pz, 0) € K; by Lemma 3. It follows from (53)
and the convexity of K; that T(Dj) C K. O

Claim 6: For all T large enough, %(ﬁg) C Ks.
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Proof: Suppose (u,v) € 25; From (22),

~ _ u _ u+v #
T(u,v) = <ln (ae + (1 — a)e"™),In ((1 Ay b>> .

By statement (41) in Lemma 3,
i"(u,v)e{(s,t):s>czt2—|—clt+co, t > 0}. (54)
Now, let £ be the line through (0, g) and (z,0). Then R? \ £ has two connected compo-

nents, one of which, £y, contains the origin. As a result of (54), to complete the proof it
suffices to verify that T' (4, v) belongs to L. In other words, for t large enough,

1 1 e’
- In (ae” + (1 - a)eu+v) + % In <m> < 1. (55)
Set
Api=1-— lln (ae“ + (1 - a)e”'“’) — iln <#> ) (56)
T Q@ (1 —="b)e*t +b
Then (55) is equivalent to
Ar >0, (57)

for 7 large enough. Consider the sets Q4 and Q_ defined in (45). We verify (57) for
(u,v) € Q_ and for (u,v) € Q. separately. Suppose (u,v) € Q_. In this case, ae” +
(1 — a)e"*" is a weighted average of two numbers that are less than 1 which implies that
In (ae* + (1 — a)e"*") < 0. Consequently, i"(u, v) € {(s,t) : s <0,t > 0}. Combining this
with (54), (57) follows. Now suppose (4, v) € Q. From (56),

eV
(I —bye + b)
=t(qa—v)+tIn (A= b +b) — qa(u+v) — q2In(ae”’ + 1 — a).

T A =1 — qaln(ae’ + (1 —a)e"™) — tln(

(58)
By convexity, el D) #V+00 < (1 _ p)et*V 4 b0, That is,
(1= b)u+v) <In((1=be"™ +b). (59)
Recognizing that In (ae™ + 1 — a) < 0 for v > 0 and combining (58) and (59),
TRAZT(@—v)+Tt(1=bu+v) —qu+v)
=t(q@2—v)+u+v)(T(1—-b) —q). (60)

From Claim 1, we can consider 7 large enough such that g, < (1 — b)t. Therefore, since
u+v>0and0 < v < ¢y, (60) implies A; > 0. If A; = 0, then (60) implies v = ¢, and
u + v = 0, which contradicts (1, v) € Q4. Consequently, (57) holds. O

Claim 7:  For all t large enough, %(ﬁé) C K:.
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Proof: We have ZA?A’I ={(tt,(1—1t)q2) : t €[0,1]}. For t € [0, 1], let (z1(¢), v(t)) be given

by
@@(t), 7(1) = T(t 7, (1 — ) q2) (61)
(I-t)q2
_ tt tt+(1=Dgs €
= <1n (ae + (1 —a)e ))hl <(1 —beltta-Da b)) :
From (61),
dic. (1 —a)(r — q)e®? +arte? 62)
dt (1 —a)e® + ae?!
dv el —b) + bgp e 6
At~ be®! + (1 — b)enttr (63)

Using statement (iii) of Claim 1 along with (62) and (63), we can conclude for t large
enough that #(¢) is an increasing function of t € [0, 1] and ¥(¢) is a decreasing function of
t € [0,1]. As a consequence,

YA‘(ZA)Q) is linearly ordered in the <, partial order. (64)
We also have
1
T(T,O) = <ln (aef + (1 — a)et) ,lIl (m))
= (t, = In((1 — b)e* + b)) € D, (65)

In light of (64) and (65), to prove the claim, it is sufficient to verify that "f(f)ﬁl) isin a
suitable component of the complement of the line through (0, q2) and (z,0), for 7 large
enough. More precisely, we wish to verify

11 - 1 tt+(1-1)q2 1 1 . 1 (66)
- n(ae + A —a)e )—I—E n (1—Db)ett+0-Da2 1 p <

For fixed 7, define
Y (t) :=gq2In (a + (1 - a)e(l_t)qz) —7ln ((1 — b)e!Tt1De b) .
Equation (66) is equivalent to
Y () <0 for 0<t<I1. (67)

We have,

tt 2
fon o (=tg [ A= b)T(T —go)e (1—a)q;
Y (t) = —et TR (b TR + o el 0w | < 0. (68)

Finally, ¥, (0) < 0 follows from Claim 6 and thus (68) implies (67). O
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This completes the proof of Proposition 3 and thus, by Corollary 2, of statement (vii)
from Theorem 1.

Note

1. We do not know any easily testable conditions on «, y with 1 < y < & to determine whether
nontrivial periodic solutions exist.
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